Abstract. We characterize all groups which can occur as the topological symmetry group or the orientation preserving topological symmetry group of some embedding of the Petersen graph in S 3 .
Introduction
The symmetries of a molecule can predict many of its chemical properties, but non-rigid molecules may have symmetries which are not immediately apparent. The field of spatial graph theory developed largely in order to study the symmetries of such molecular structures [20] . Since small molecules are normally rigid, their symmetries are described by their rotations and reflections in space, which together form the group of rigid symmetries known as the point group of a molecule. However, due to their flexibility, large molecules may have symmetries that are not contained in their point group. In this case, we represent the symmetries of the molecule by the subgroup of the automorphism group of the molecular graph that can be induced by homeomorphisms of the graph in 3-dimensional space. This group considers a molecule as a topological object in space, and hence is called the topological symmetry group of the structure.
The topological symmetry group can be used to represent the symmetries of any spatial graph whether or not it is a molecular graph. While molecular graphs are normally considered in R 3 , an automorphism of a spatial graph is induced by a homeomorphism of R 3 if and only if it is induced by a homeomorphism of S 3 . Thus the topological symmetry group of a spatial graph is the same whether the graph is considered in S 3 or in R 3 . However, symmetries are easier to visualize in S 3 than in R 3 because of the existence of glide rotations. Thus topological symmetry groups are normally defined for graphs embedded in S 3 . We begin with some definitions. of (S 3 , Γ). If we only consider orientation preserving homeomorphisms we obtain the orientation preserving topological symmetry group TSG + (Γ). Definition 1.3. Let γ denote an abstract graph and let G be a subgroup of Aut(γ). If there is an embedding Γ of γ in S 3 such that TSG(Γ) = G, then we say that the group G is realizable for γ and that Γ realizes G. If there is some embedding Γ of γ in S 3 such that TSG + (Γ) = G, then we say that the group G is positively realizable for γ and that Γ positively realizes G.
For an abstract graph γ, we make the following observation about the relationship between groups that are realizable for γ and groups that are positively realizable for γ. Suppose that G is positively realized by some embedding Γ of γ. By adding identical trefoil knots to every edge of Γ we obtain an embedding Λ which is not invariant under any orientation reversing homeomorphism of S 3 , but such that every automorphism that was induced on Γ by an orientation preserving homeomorphism of S 3 is also induced on Λ by an orientation preserving homeomorphism of S 3 . Thus TSG(Λ) = TSG + (Γ). It follows that every group which is positively realizable for γ is also realizable for γ.
Topological symmetry groups have been studied for graphs embedded in 3-manifolds as well as in S 3 . In particular, it was shown in [9] that no alternating group A n with n > 5, can occur as the topological symmetry group of a graph embedded in S 3 . By contrast, it was shown in [11] that every finite group is the topological symmetry group of a graph embedded in a hyperbolic rational homology sphere; though for any given closed, connected, orientable, irreducible, 3-manifold, there is some n such that the alternating group A n is not the topological symmetry group of any graph embedded in that manifold. Furthermore, it was shown in [3] that the orientation preserving topological symmetry group of a 3-connected spatial graph in S 3 is isomorphic to its orientation preserving mapping class group if and only if the complement of the graph is atoroidal.
Topological symmetry groups have been completely characterized for several particular families of spatial graphs in S 3 . For the complete graphs, all possible orientation preserving topological symmetry groups were characterized in a series of papers [1, 2, 6, 7, 8, 10] . For the family of Möbius ladders with n rungs (which includes the bipartite graph K 3,3 ), all orientation preserving topological symmetry groups were characterized in [5] . For the family of complete bipartite graphs K n,n , it was shown in [9] that all finite subgroups of SO(4) can be positively realized by an embedding of some K n,n in S 3 . More recently, [14] classified all n such that the polyhedral groups A 4 , S 4 , or A 5 can be positively realized for K n,n ; and [12] classified all n such that the groups
In this paper, we determine all groups which can occur as the topological symmetry group or the orientation preserving topological symmetry group of some embedding of the Petersen graph in S 3 . We focus on the Petersen graph because of its importance in providing counterexamples to conjectures in graph theory [13] and because of the role it has played in the study of intrinsically linked graphs (see for example, [15, 17, 18, 19] ). As an abstract graph, the Petersen graph (henceforth denoted by P ) is the 3-connected graph with 10 vertices and 15 edges illustrated in Figure 1 .
In Figure 1 , we have labeled the vertices of P with pairs of numbers between 1 and 5 such that there is an edge between two vertices if and only if the corresponding pairs of numbers are disjoint. An automorphism of P can then be represented by an element of the symmetric group S 5 describing its action on each number within the pairs labeling the vertices. For example, the automorphism obtained by rotating Figure 1 by − 2π 5 can be represented by the permutation (12345). In fact, it is shown in [13] that the automorphism group of the Petersen graph is isomorphic to S 5 . Thus we are interested in which subgroups of S 5 are realizable or positively realizable for P .
The trivial group can be realized and positively realized by an embedding of P where each edge contains a distinct knot. The following is a complete list of the non-trivial subgroups of S 5 , up to isomorphism [16] , where we use D n to denote the dihedral group of order 2n.
Our main results are the following. 
In Section 2, we prove that the groups
, and Z 4 are not positively realizable for the Petersen graph, and that all of these groups except Z 5 ⋊ Z 4 and Z 4 are also not realizable for the Petersen graph. Then in Section 3, we construct embeddings of the Petersen graph which positively realize or realize the remaining subgroups of S 5 .
Negative results
Observe that no cycles in P have fewer than 5 vertices and the only pairs of disjoint cycles in the Petersen graph are 5-cycles. We begin with a lemma about pairs of disjoint 5-cycles in P . Lemma 2.1. The Petersen graph contains six pairs of disjoint 5-cycles, and no non-trivial automorphism fixes every vertex of a 5-cycle.
Proof. Since each vertex is used in every pair of disjoint 5-cycles, we obtain every such pair by listing all 5-cycles containing the vertex {1, 2}. We see from the list below that there are exactly six such 5-cycles.
Now suppose that ϕ is an automorphism of P which fixes every vertex on a 5-cycle X. Any vertex in X has two incident edges in X and one incident edge not in X. Thus ϕ has to fix the one incident edge e not in X. This implies that ϕ fixes both vertices of e. Since P has no cycles with fewer than 5 vertices, only one vertex of e can be on X. Hence ϕ fixes a vertex of e that is on the complementary 5-cycle Y . Since ϕ fixes every vertex of X, it fixes all of the edges joining X and Y , and hence every vertex of Y . Since all 10 vertices of P are on X ∪ Y , this implies that ϕ is the identity. Proof. Suppose that Γ realizes G for the Petersen graph. Since D 2 ≤ G, there are homeomorphisms g and h of (S 3 , Γ) inducing automorphisms ϕ and ψ respectively on Γ such that ϕ, ψ = D 2 , where ϕ 2 = ψ 2 = 1 and ϕψ = ψϕ. Let C 1 , . . . , C 6 denote the six pairs of disjoint 5-cycles in Γ. It follows from [15] that lk(C 1 ) + ... + lk(C 6 ) ≡ 1 (mod 2). Thus an odd number of the C i have odd linking number and an odd number of the C i have even linking number. Also, regardless of whether g and h are orientation preserving or reversing, they each preserve the parity of the linking number. Thus ϕ and ψ each permute the elements within the set O of all C i with odd linking number and within the set E of all C i with even linking number. Since ϕ and ψ are involutions and |O| and |E| are both odd, they each setwise fix at least one C i in O and at least one C i in E.
Now suppose for the sake of contradiction that no C i is setwise fixed by both ϕ and ψ. Then O and E must each contain three elements. Thus without loss of generality O = {C 1 , C 2 , C 3 }, ψ(C 1 ) = C 1 , ϕ(C 2 ) = C 2 , and ϕ(C 1 ) = C 3 . Then ψ(C 3 ) = ψϕ(C 1 ) = ϕψ(C 1 ) = ϕ(C 1 ) = C 3 . Thus ψ(C 3 ) = C 3 . It follows that ψ setwise fixes each of C 1 , C 2 , and C 3 . Hence there is a C i which is setwise fixed by both ϕ and ψ. Without loss of generality, C 1 is fixed by both ψ and ϕ.
Let X 1 and Y 1 be the 5-cycles in C 1 , and suppose that ϕ(X 1 ) = X 1 and ϕ(Y 1 ) = Y 1 . By Lemma 2.1, ϕ cannot fix every vertex on X 1 or on Y 1 . Since order(ϕ) = 2 and X 1 and Y 1 are 5-cycles, this implies that there are unique vertices v on X 1 and w on Y 1 which are fixed by ϕ. Now ϕψ(v) = ψϕ(v) = ψ(v). Since v is the unique vertex on X 1 which is fixed by ϕ, this implies that ψ(v) = v. Similarly, ψ(w) = w.
But since ψ setwise fixes C 1 = X 1 ∪ Y 1 , it follows that ψ(X 1 ) = X 1 and ψ(Y 1 ) = Y 1 . Now ϕ and ψ are both involutions of P leaving X 1 and Y 1 setwise invariant fixing v and w. But this implies that ϕ = ψ, which is impossible since ϕ, ψ = D 2 . Thus ϕ cannot setwise fix X 1 and Y 1 . Similarly, ψ cannot setwise fix X 1 and Y 1 .
Thus both ϕ and ψ interchange X 1 and Y 1 . Now let α = ϕψ. Then α(X 1 ) = X 1 and α(Y 1 ) = Y 1 , and α has order 2 and commutes with both ϕ and ψ. But now we can replace ϕ by α in the above argument to again get a contradiction. It follows that G is not realizable for the Petersen graph, and hence G is also not positively realizable for the Petersen graph.
Observe that since the groups S 5 , S 4 , A 5 A 4 , D 6 , D 4 , and D 2 all contain D 2 , the following corollary is immediate. Theorem 2.4. Let Γ be an embedding of the Petersen graph in S 3 and let g be a homeomorphism of (S 3 , Γ). Then g cannot induce an automorphism of Γ of order 6; and if g is orientation preserving then g also cannot induce an automorphism of Γ of order 4.
Proof. Suppose that g induces an automorphism ϕ of Γ of order 4 or 6. Since the Petersen graph is 3-connected, we can apply Theorem 1 of [4] to obtain an embedding Γ ′ of P in S 3 such that ϕ is induced on Γ ′ by a finite order homeomorphism
. Furthermore, since P is non-planar, by Smith Theory [21] , a finite order homeomorphism of S 3 cannot pointwise fix P . Hence the order of h must be the same as the order of ϕ.
If ϕ has order 4, then without loss of generality, we can label the vertices of Γ ′ with 2-element sets of numbers so that ϕ is the element (1234) of S 5 ; and if ϕ has order 6, then without loss of generality, we can label the vertices of Γ ′ with 2-element sets of numbers so that ϕ is the element (123)(45) of S 5 . If ϕ = (1234), then some point on the edge with vertices {2, 4} and {1, 3} is fixed by h; and if ϕ = (123)(45), then vertex {4, 5} is fixed by h. Let fix(h) denote the fixed point set of h, then in either case, fix(h) = ∅. Hence by Smith Theory [21] , if h is orientation preserving then fix(h) is homeomorphic to S 1 , and if h is orientation reversing then fix(h) consists of two points or is homeomorphic to S 2 . Now suppose h has order 6. Then h induces ϕ = (123)(45) on P , and hence h 3 induces (45) on P . Thus the vertices {1, 2}, {2, 3}, and {1, 3} are fixed by h 3 but were not fixed by h. This means that fix(h 3 ) is larger than fix(h). Thus h must be orientation reversing, and h 3 must pointwise fix a 2-sphere containing vertices {4, 5}, {1, 2}, {2, 3}, and {1, 3} and no other vertices. Let A and B be the components of S 3 − fix(h 3 ). Then h 3 interchanges A and B. Since h 3 induces the automorphism (45) on P , without loss of generality {1, 4} ∈ A and {1, 5} ∈ B. The Petersen graph has an edge with vertices {1, 4} and {2, 5} which is not setwise fixed by h 3 . Hence this edge must be disjoint from fix(h 3 ). It follows that {2, 5} ∈ A. However, there are also edges between {3, 4} and both {1, 5} ∈ B and {2, 5} ∈ A, and again neither of these edges are setwise fixed by h 3 . But this would imply that {3, 4} ∈ B and {3, 4} ∈ A, which is impossible. Thus h cannot have order 6.
Finally, suppose that h is orientation preserving and has order 4. Then since fix(h) = ∅, fix(h) and fix(h 2 ) are both homeomorphic to S 1 . Since every point which is fixed by h must also be fixed by h 2 , in fact fix(h) = fix(h 2 ). However, since h induces (1234) on Γ, vertices {2, 4} and {1, 3} are fixed by h 2 but were not fixed by h. By this contradiction we conclude that if h is orientation preserving, then h cannot have order 4.
The following corollary is immediate from Theorem 2.4.
Corollary 2.5. The groups Z 5 ⋊ Z 4 , Z 6 , and Z 4 are not positively realizable for the Petersen graph, and the group Z 6 is not realizable for the Petersen graph.
Positive results
Now we prove Theorem 3.1, which we restate here for the convenience of the reader. We obtain an embedding Γ 1 from Γ by adding identically oriented 8 17 knots to each of the edges of the cycle 12345. Since abcde is still the only 5 1 knot in Γ 1 , abcde must still be setwise invariant, and hence again TSG + (Γ 1 ) ≤ D 5 . Also, the automorphism ϕ = (12345)(acebd) is still induced by a rotation of (S 3 , Γ 1 ) by − Next we let Γ 2 be the embedding obtained from Γ by adding the knot 4 1 to the edges 15 and 12. Again the 5-cycle abcde is setwise invariant, and hence TSG + (Γ 2 ) ≤ D 5 . Since the 4 1 knot is invertible, turning the figure over still induces the automorphism ψ = (25)(34)(eb)(cd). However, now no rotation of abcde is possible. Thus we have TSG + (Γ 2 ) = Z 2 .
We now start with the embedding Λ of the Petersen graph shown in Figure 3 . Observe that the 9-cycle 154baedc2 contains a trefoil knot, which is the only knot in the embedding. Also vertex 3 is the only vertex which is not on or adjacent to this knotted 9-cycle. So any homeomorphism of (S 3 , Λ) must setwise fix the set of edges {23, e3, 43}. Thus TSG + (Λ) ≤ D 3 . Now the homeomorphism of S 3 which rotates the figure by − Finally, we obtain an embedding Λ 1 from Λ by adding identically oriented 8 17 knots to the edges a1, cb, and 5d. The set of edges {23, e3, 43} must again be invariant under any homeomorphism of (S 3 , Λ 1 ), and hence TSG + (Λ 1 ) ≤ D 3 . Also, the automorphism (24e)(c5a)(bd1) is still induced by a rotation of Λ 1 by − 2π 3 . However, because of the non-invertibility of 8 17 , no homeomorphism can turn over the knotted 9-cycle 154baedc2. Hence TSG + (Λ 1 ) = Z 3 .
Finally, we prove Theorem 3.2, which we restate here for the convenience of the reader. Now let h denote the orientation reversing homeomorphism which first rotates ∆ by π 2 about a horizontal axis so that X becomes vertical and Y becomes horizontal, and then reflects ∆ through a vertical mirror, as illustrated in Figure 5 . Then h induces ψ = (1a)(2b5e)(3c4d) on ∆. Observe that ϕ 5 and ψ 4 are each the identity, and ϕψ = (1c5b)(2d4a)(3e) = ψϕ 2 . Thus ψ, ϕ = Z 5 ⋊ Z 4 ≤ TSG(∆). Furthermore, since no group containing Z 5 ⋊ Z 4 as a proper subgroup is among those that could be TSG(∆), we must have TSG(∆) = Z 5 ⋊ Z 4 as required.
Finally, we obtain an embedding ∆ 1 from the embedding ∆ illustrated on the left in Figure 4 by adding the knot 4 1 to the edge 1a, the knot +3 1 to each of the edges of the 5-cycle abcde, and the knot −3 1 to each of the edges of the 5-cycle 12345. Since 4 1 is invertible and achiral, ψ = (1a)(2b5e)(3c4d) is still induced on ∆ 1 by a rotation followed by a reflection which interchanges the +3 1 knots on the edges of abcde with the −3 1 knots on the edges of 12345. Thus Z 4 ≤ TSG(∆ 1 ), and from our list of realizable groups we know that either TSG(∆ 1 ) = Z 4 or TSG(∆) = Z 5 ⋊ Z 4 .
Suppose that some homeomorphism g of S 3 induces an order 5 automorphism on ∆ 1 . Because 1a is the only edge of ∆ 1 containing a 4 1 knot, g must setwise fix 1a. Now g 2 is orientation preserving and still induces an order 5 automorphism on ∆ 1 . Since 12345 contains five +3 1 knots and abcde contains five −3 1 knots, this implies that g 2 takes the 5-cycles 12345 and abcde to themselves fixing vertices 1 and a. But this is impossible since g 2 has order 5. Hence ∆ 1 cannot be invariant under a homeomorphism inducing an order 5 automorphism on ∆ 1 . It now follows that TSG(∆ 1 ) = Z 4 , as required.
